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ABSTRACT
In this paper we give an explicit representation of the solutions of a characteristic
Cauchy problem for a class of PDEs with singular coefficients. We give the explicit
solutions in terms of the Gauss hypergeometric functions, which enable us to study
the singularities and the analytic continuation. Our results are illustrated through
some examples.
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1. Introduction
In [1], Treves studied the Cauchy problem for the partial differential equation
x2utt − uxx + λut = 0. (1)
By using the concatenation method, he showed that the uniqueness fails if λ is
an odd positive integer. Beals and Kannai [2] constructed exact global fundamental
solutions for a singular hyperbolic equation generalizing (1):
x2k−2utt − uxx + λ(k − 1)xk−2ut = 0. (2)
In [3], Bentrad constructed singular solutions for the following equation with ana-
lytic initial data,
xkutt − tqxpuxx + c1tqxp−1ux + c2tqxp−2u = 0, (3)
as series with hypergeometric terms.
In this paper, we discuss the singularities of the solutions of a characteristic Cauchy
problem for a class of partial differential equations with singular coefficients, which
generalizes (3). More precisely, we will consider, in a neighborhood of the origin of C2,
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the following analytic Cauchy problem:

Lγu := x
mL1(t, ∂t)u− tnxp−2L2(x, ∂x)u = 0,
u(0, x) = u0(x),
ut(0, x) = 0,
(4)
where
L1(t, ∂t) = ∂
2
t +
γ
t
∂t,
L2(x, ∂x) = x
2∂2x +Ax∂x +B,
and where m,n, p ∈ N, such that q = m− p+ 2 > 0, and γ,A,B ∈ C.
We shall show that near the origin the solution of (4) is ramified around the union
of characteristic curves:
K1 : x = 0 and K2 : x
q −
(
q
n+ 2
)2
tn+2 = 0.
Generally it is difficult to investigate the properties of the singularities of solutions
for PDEs. A natural approach is to represent the solutions explicitly, which makes the
study of their singularities easier. Our method is to construct solutions in terms of
Gauss hypergeometric functions (GHF for short). Since it has intrinsic singularities,
the GHF was used successfully, in many papers, to construct explicit solutions and
then study their singularities and analytic continuation, see e.g.[3–7], and references
therein.
2. Hypergeometric solutions
We first recall some properties of the Gauss hypergeometric function, which will be
used throughout this paper. Next, we reduce the equation Lγu = 0 to a special ordinary
differential equation, and then select those with analytic Cauchy data.
2.1. The Gauss hypergeometric function
The Gauss hypergeometric function plays an important role in mathematical analysis
and its application. It is defined for c /∈ −N by analytic continuation of the sum of the
hypergeometric series
F (a, b, c, z) :=
∞∑
i=0
(a)i (b)i
(c)i i!
zi,
where (λ)i denotes the Pochhammer symbol or the shifted factorial, defined as
(λ)i =
Γ (λ+ i)
Γ (λ)
= λ (λ+ 1) ... (λ+ i− 1) .
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It arises naturally in the solution of the Gauss hypergeometric linear differential equa-
tions, with parameters (a, b, c),
z(1− z)y′′ + [c− (1 + a+ b)z] y′ − aby = 0,
which is a Fuchsian equation with three singularities: 0, 1 and ∞. Furthermore, the
GHF is ramified around these three singularities. Its principal branch is the one defined
on the cut plane | arg(1− z)| < pi.
2.2. Reduction to a hypergeometric differential equation
Lemma 2.1. The equation Lγu = 0, with u = x
lw (z) and
z(t, x) =
(
q
n+ 2
)2 tn+2
xq
,
is reduced to the Gauss hypergeometric equation with parameters (a, b, c), where
a = −α+ l
q
, b =
1 + α−A− l
q
, c =
n+ γ + 1
n+ 2
, (5)
and α is a parameter such that
α(α−A+ 1) = −B.
Proof. Let u (t, x) = xlw (z) with z = ( qn+2)
2 tn+2
xq . Substituting x
lw for u, Lγu = 0
we obtain:
z (1− z)w′′ +
[
γ + n+ 1
n+ 2
− (m− p+ 3− 2l −A) z
q
]
w′ − l (−1 +A+ l)
4
w = 0. (6)
Therefore, if c /∈ Z a fundamental system of solutions of (6), for |z| < 1, is given by
w1(z) = F (a, b, c, z),
w2 (z) = z
1−cF (1− c+ a, 1− c+ b, 2− c, z).
2.3. Solutions with special Cauchy data
Let S : t = 0 be the initial curve, and K = K1 ∪K2 with
K1 : x = 0, K2 : x
q −
(
q
n+ 2
)2
tn+2 = 0,
3
and consider in the neighborhood of the origin of C2,
Ωr =
{
(t, x) ∈ C2;
∣∣∣∣∣xq −
(
q
n+ 2
)2
tn+2
∣∣∣∣∣ < r
}
,
the following Cauchy problem
(P)


PγUl = 0,
Ul(0, x) = x
l,
∂tUl(0, x) = 0.
Theorem 2.2. Suppose that γ is not a negative integer. If c, c− a− b and a− b /∈ Z,
the Cauchy problem (P) has a unique holomorphic solution on the universal covering
space R(Ωr −K). Moreover, the solution has the form
Ul(t, x) = x
lF (a, b, c, z), (7)
where
z =
(
q
n+ 2
)2 tn+2
xq
,
and the parameters a, b and c are given in (5).
Proof. By multiplying the equation Lγu = 0 by tx
−m, we obtain the following equiv-
alent Cauchy problem of Fuchs type in the sense of Baouendi-Goulaouic:
(P ′)
{
t∂2t u+ γ∂tu− tn+1x−qLxu = 0,
Ul(0, x) = x
l.
Since γ /∈ Z− = {−1,−2, ...}, by the Baouendi-Goulaouic theorem [8], there is a
unique holomorphic solution Ul to the Cauchy problem (P ′). Next, by Lemma 2.1,
Ul = x
l(c1w1+ c2w2), where c1 and c2 are arbitrary constants, solves Lγu = 0. Taking
into account the Cauchy data, we obtain c1 = 1, and c2 = 0.
Furthermore, by construction the solution Ul is composed of a hypergeometric func-
tion, which is holomorphic on the universal covering of D − (0, 1,∞) where D is the
Riemann sphere. So, the study of the ramification and the singularities of the solution
is reduced to those corresponding well-known properties of GHFs. The mapping
z(t, x) =
(
q
n+ 2
)2 tn+2
xq
transforms
S : t = 0 into z = 0,
K2 : x
q −
(
q
n+ 2
)2
tn+2 = 0 into z = 1,
K1 : x = 0 into z =∞.
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Further, we notice that Ul does not ramify on t = 0, x 6= 0, because of the Cauchy-
Kowalevsky theorem. It follows that Ul is holomorphic on the universal covering space
R(Ωr −K). Equivalently, Ul can be extended analytically along any curve starting in
Ωr without crossing the characteristic curves K1 and K2. In the next subsection we
give the explicit representation of the analytic continuation of Ul.
Corollary 2.3. Depending on various parameters, the solution of the Cauchy problem
may be holomorphic across some parts of K:
(1) When a ∈ −N, we have the following results:
(a) Ul is holomorphic on K1 if and only if l + aq ∈ N.
(b) Ul is always holomorphic on K2.
(2) When b ∈ −N, we have the following results:
(a) Ul is holomorphic on K1 if and only if l + bq ∈ N.
(b) Ul is always holomorphic on K2.
(3) When c− a ∈ −N, we have the following results:
(a) Ul is holomorphic on K1 if and only if l + bq ∈ N.
(b) Ul is always ramified around K2.
(4) When c− b ∈ −N, we have the following results:
(a) Ul is holomorphic on K1 if and only if l + aq ∈ N.
(b) Ul is always ramified around K2.
(5) When a, b, c − a, c− b /∈ −N, we have the following results:
(a) Ul is holomorphic on K1 if and only if −α and 1 + α−A ∈ N.
(b) Ul is always ramified around K2.
Proof. We have
Ul(t, x) = x
lF (a, b, c, z), z =
(
q
n+ 2
)2 tn+2
xq
.
Hence, by observing the singularities of the GHF, we get
(1) When a = −N ∈ −N, F reduces to polynomial of degree N . Precisely, we have
F (−N, b, c, z) =
N∑
i=0
(−N)i(b)i
(c)ii!
zi.
The term of degree N of xlF is
aNx
lzN = CtN(n+2)xl−N(m−p+2) = CtN(n+2)xl−Nq.
Therefore, Ul is
(a) holomorphic on K1 if and only if l + aq ∈ N.
(b) Ul is always holomorphic on K2.
(2) The case when b ∈ −N is treated similarly.
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(3) When c− a = −N ∈ −N, by the Pfaff’s identity, we have
F (a, b, c, z) = (1− z)−bF
(
c− a, b, c, z
z − 1
)
= (1− z)−bF
(
−N, b, c, z
z − 1
)
=
N∑
i=0
aiz
i(1− z)−b−i
Hence, the last term of xlF is
aNx
lzN (1− z)−b−N = CtN(n+2)xl−qN
[
xq −
(
q
n+ 2
)2
tn+2
]
−b−N
xq(N+b)
= CtN(n+2)xl+qb
[
xq −
(
q
n+ 2
)2
tn+2
]c−a−b
Therefore, Ul is
(a) holomorphic on K1 if and only if l + bq ∈ N.
(b) Ul is always ramified around K2 since c− a− b /∈ Z.
(4) The case when c− b ∈ −N is treated similarly.
(5) When a, b, c− a, c− b /∈ −N, we have
(a) By the connexion formula (F2) (see the next subsection), around z = ∞,
namely, around K1, we have
Ul(t, x) = A3x
l(1− z)−aF
(
1
1− z
)
+A4x
l(1− z)−bF
(
1
1− z
)
= A3x
aq+l
[
xq −
(
q
n+ 2
)2
tn+2
]
−a
F
(
1
1− z
)
+ A4x
bq+l
[
xq −
(
q
n+ 2
)2
tn+2
]
−b
F
(
1
1− z
)
= A3x
−α
[
xq −
(
q
n+ 2
)2
tn+2
]
−a
F
(
1
1− z
)
+ A4x
1+α−A
[
xq −
(
q
n+ 2
)2
tn+2
]
−b
F
(
1
1− z
)
.
Therefore, Ul is holomorphic on K1 if and only if −α and 1 + α−A ∈ N.
(b) By the connexion formula (F1), around z = 1, namely, around K2, we
observe that, since c − a − b /∈ Z, (1 − z)c−a−b is always ramified around
z = 1, and then Ul is ramified around K2.
Here are some illustrative examples:
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Example 2.4. Consider in C2, the Cauchy problem

x4
(
∂2t u+
1
3t∂tu
)− tx (x2∂2xu− x2∂xu) = 0,
u(0, x) = x3,
ut(0, x) = 0.
The solution u(t, x) is given by:
U3(t, x) = x
3 +
2
7
t3.
We observe that U3 is holomorphic.
Example 2.5. Consider in C2, the Cauchy problem

x3
(
∂2t u+
1
2t∂tu
)− t (x2∂2xu+ x2∂xu− u) = 0,
u(0, x) = x2,
ut(0, x) = 0.
The solution U2(t, x) is given by:
U2(t, x) = x
2 +
2t3
5x
.
We observe that U2 is singular on K1 : x = 0.
Example 2.6. Consider in C2, the Cauchy problem

x3
(
∂2t u− 13t∂tu
)− x2∂2xu+ x∂xu = 0,
u(0, x) = x,
ut(0, x) = 0.
The solution U1 is given by:
U1(t, x) = x(1− z
2
)(1− z)− 23 , where z = 9t
2
4x3
.
U1 is ramified around K2 : 4x
3 − 9t2 = 0.
Example 2.7. The unique solution of the following Cauchy problem

x3
(
∂2t u− (2t)−1∂tu
)− t (x2∂2xu+ 3x∂xu− 94u) = 0,
u(0, x) = x2,
ut(0, x) = 0
is given by:
U2(t, x) =
(x3 − t3) 56√
x
.
U2 is singular on both K1 : x = 0 and K2 : x
3 − t3 = 0.
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Remark 1. When A = B = n = 0 and m = p, the equation Lγu = 0 reduces to the
Euler-Poisson-Darboux equation
∂2t u− ∂2xu+
γ
t
∂tu = 0.
The form (7) becomes
Ul(t, x) = x
lF
(
− l
2
,
1− l
2
,
γ + 1
2
,
t2
x2
)
.
Furthermore, if γ = 0, we get the wave equation
∂2t u− ∂2xu = 0.
In this case, the solution is given by
Ul(t, x) = x
lF
(
− l
2
,
1− l
2
,
1
2
,
t2
x2
)
,
which reduces, by applying formula 15.1.9 of [9]
F (a, a+
1
2
,
1
2
, z2) =
1
2
[
(1 + z)−2a + (1− z)−2a] ,
to the form
Ul(t, x) =
1
2
[
(x+ t)l + (x− t)l
]
,
which is the well-known D’Alembert’s formula for the problem (P).
Remark 2. If γ ∈ Z−, a null solution appears so that the uniqueness of the solution
of (P) fails. The solutions take the form
Ul(t, x) = U¯l + t
1−γV (t, x),
where U¯l is a particular solution of (P), and V is a solution of L2−γu = 0.
Example 2.8. For any λ ∈ C, (x3 − t3) 13 + λt2 is a solution of the following Cauchy
problem 

x4
(
∂2t u− 1t ∂tu
)− tx (x2∂2xu− x∂xu) = 0,
u(0, x) = x,
ut(0, x) = 0.
2.4. Analytical continuation and ramification
Using the connection formulas between the neighborhoods of the regular singular
points of the hypergeometric equation 0, 1 and ∞ (see [9, p. 559]), we have for
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|arg (1− z)| < pi:
In |1− z| < 1 :
(F1) : Ul(t, x) = A1xlF (a, b, 1 + a+ b− c, 1− z)
+ A2x
l (1− z)c−a−b F (c− a, c− b, c− a− b+ 1, 1 − z) ,
In |1− z| > 1 :
(F2) : Ul(t, x) = A3xl (1− z)−a F
(
a, c− b, 1 + a− b, 1
1− z
)
+ A4x
l (1− z)−b F
(
b, c− a, 1− a+ b, 1
1− z
)
,
where the different constants are given by
A1 =
Γ (c) Γ (c− a− b)
Γ (c− a) Γ (c− b) , A2 =
Γ (c) Γ (a+ b− c)
Γ (a) Γ (b)
,
A3 =
Γ (c) Γ (b− a)
Γ (b) Γ (c− a) , A4 =
Γ (c) Γ (a− b)
Γ (a) Γ (c− b) .
Formulas (F1) and (F2) enable us to study the ramification of Ul around the charac-
teristic surfaces. Let P be a point belonging to Ωr −K such that arg (1− z(P )) = 0,
with z(P ) ∈ (0, 1), and let λ1 and λ2 be loops with basepoint P , which encircle K1
and K2, in the positive sence, respectively. Then, we have:
Ul(λ1(P )) = U
(1)
l (P ) + e
2pii(c−a−b)U
(2)
l (P ) ,
Ul(λ2(P )) = e
2piiaU
(3)
l (P ) + e
2piibU
(4)
l (P ) ,
where U
(i)
l are the values of initial branches.
3. Series solutions
Let
u0(x) =
∞∑
l=0
alx
l
be an analytic function with radius of convergence R > 0. The Cauchy problem (4)
has a unique solution, which is given by
u(t, x) =
∞∑
l=0
alUl(t, x). (8)
We focus here on the convergence of (8).
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Hereafter, we agree to use the following notations to describe majorant relations.
We say that the formal power series
g(z) =
∞∑
l=0
Alz
l
majorants the formal power series
f(z) =
∞∑
l=0
alz
l
if
|al| ≤ Al, ∀l ≥ 0,
and then we use the Poincare´’s notation: f ≪ g.
To prove the convergence of (8) we use the following lemma:
Lemma 3.1. If a ≥ b > c > 0, then
F (a, b, c; z) ≪ Γ(c)Γ(a+ b− c)
Γ(a)Γ(b)
(1− z)c−a−b.
For the proof of this lemma see [10,11].
Theorem 3.2. The series (8) converges for
∣∣∣∣∣xq −
(
q
n+ 2
)2
tn+2
∣∣∣∣∣ < R
q
4
.
Proof. By applying the Pfaff’s identity to the hypergeometric part of Ul, we get
F (a, b, c, z) = (1− z)−bF
(
c− a, b, c, z
z − 1
)
.
From the observations,
|(a)n| ≤ (|a|)n
and
1
|(c)n| ≤
1
(|c + 1| − 1)n ,
it follows that
F
(
c− a, b, c, z
z − 1
)
≪ F
(
l
q
+ η1,
l
q
+ η1, η3,
z
z − 1
)
,
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where
η1 =
|α|
q
+ |c|, η2 = |1 + α−A|
q
, η3 = |c+ 1| − 1.
Then, by applying the Lemma 3.1, we obtain
F
(
c− a, b, c, z
z − 1
)
≪ Cl(1− z)
2l
q
+η1+η2−η3 ,
where
Cl =
Γ(η3)Γ(
2l
q + η1 + η2 − η3)
Γ( lq + η1)Γ(
l
q + η2)
.
Consequently, the hypergeometric part is estimated as follows
F (a, b, c, z) ≪ Cl(1− z)
l
q
+η4 ,
where
η4 = η1 + η2 − η3 − 1 + α−A
q
.
Stirling’s formula gives Cl = O
(
2
2l
q
)
for l large. Therefore,
lim sup
l→∞
|Ul|1/l ≤ 2
2
q
∣∣∣∣∣xq −
(
q
n+ 2
)2
tn+2
∣∣∣∣∣
1
q
.
It follows that the series (8) converges for
2
2
q
∣∣∣∣∣xq −
(
q
n+ 2
)2
tn+2
∣∣∣∣∣
1
q
< R,
or equivalently, for ∣∣∣∣∣xq −
(
q
n+ 2
)2
tn+2
∣∣∣∣∣ < R
q
4
.
References
[1] Treves F. Discrete phenomena in uniqueness in the Cauchy problem. Proc. Amer. Math.
Soc. 1974;6:229-233.
[2] Beals R, Kannai Y. Exact solutions and branching of singularities for some hyperbolic
equations in two variables. J. Differential Equations. 2009;246:3448-3470.
11
[3] Bentrad A. Explicit solutions for a characteristic Cauchy problem. Integral Transforms
Spec. Funct. 2006;17:695-701.
[4] Bentrad A. On the solutions of Cauchy problem for a class of PDE with double charac-
teristic at a point. J. Differential Equations. 2011;250:3652-3667.
[5] Bentrad A, Kerker MA. Exact solutions of a PDE with singular coefficients. Comp. Var.
Elliptic Equ. 2015;60:1068-1076.
[6] Tsutsui T. Propagation of regular singularities in a complex analytic characteristic initial
value problem. Funkcial. Ekvac. 2014;57:119-161.
[7] Watanabe T, Urabe J. Singularities of solutions of the Fuchsian Cauchy problem with
ramified data. J. Math. Anal. Appl. 2013;406:86-100.
[8] Baouendi MS, Goulaouic C. Cauchy problems with characteristic initial hypersurface.
Comm. Pure Appl. Math. 1973;26:455-475.
[9] Abramowitz M, Stegun IA, editors. Handbook of mathematical functions. Tenth printing.
Washington (DC): National Bureau of Standards; 1972.
[10] Ponnusamy S, M. Vuorinen M. Asymptotic expansions and inequalities for hypergeometric
functions. Mathematika. 1997;44:278-301.
[11] Bentrad A, Kichenassamy S. Hypergeometric functions and singular solutions of wave
equations. Comm. Contemp. Math.2009;11:447-458.
12
